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1. Introduction 

We construct a process that mimics certain properties of a given Ito process, but is simpler 
in the sense that the mimicking process solves a stochastic differential equation (SDE), while 
the Ito process may have drift and diffusion terms that are themselves stochastic processes. 
This work is motivated by the problem of model calibration in finance. The financial engineer 
would like to identify a class of models for an underlying asset price that are flexible enough 
to allow for calibration to a wide range of possible market prices of derivative securities on 
that asset. The result of this paper shows the extent to which sophisticated models are no 
more powerful for calibration purposes than an SDE for the underlying asset price. 

Our results are closely related to Krylov [20] and Gyongy [14]. Krylov [20] calls the 
measure that records the average amount of time that an Ito process X spends in each Borel 
set before being killed at the first jump of an independent Poisson process with intensity A 
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the Green X-measure of X. Given an Ito process with bounded drift and bounded, uniformly 
positive-definite covariance, Krylov [20] constructs a process with the same Green A-measure 
which solves a time- independent diffusion equation. Krylov further asserts that it is possible 
to construct a process that solves a time-dependent diffusion equation and matches the one- 
dimensional marginal distributions of such an Ito process. Gyongy [14] provides a proof of 
Krylov's assertion and shows that the drift and covariance in the diffusion equation solved 
by the mimicking process may be interpreted as the expected value of the Ito process's 
instantaneous drift and covariance conditioned on its level. See also Klcbaner [19] for a 
related argument based on semimartingale local time. 

Gyongy [14] was rediscovered by the mathematical finance community in the context of 
local volatility models. Dupire [9] studies the European option prices generated by a model 
in which the risk-neutral dynamics of the price process satisfy a time-dependent diffusion 
equation (see also Derman and Kani [7] for a discrete-time treatment of this topic) . These 
models are now known as local volatility models, and the diffusion coefficient of the log- 
price process is known as the local volatility surface. Dupire [9] shows that it is possible 
to construct a local volatility model that is consistent with a given set of European option 
prices when that set of prices is sufficiently smooth as a function of maturity and strike, and 
he shows how the local volatility surface may be implied directly from the call prices. Local 
volatility models have proven popular with practitioners because they allow for calibration 
to a wide range of European option prices. Dupire [9] does not find the dynamics of a local 
volatility model to be particularly plausible; however, he asserts that "the market prices 
European options as if the process was this diffusion." In effect, the local volatility model 
mimics the European option prices of some more complicated market process, and this is 
equivalent to matching the one-dimensional marginal distributions of that process under 
the equivalent martingale probability measure (also call the risk-neutral measure) used for 
pricing. 

In [10], Dupire extends [9] to study the local volatility surface that is implied not by 
market prices of options but by prices generated from a stochastic volatility model. Using 
infinitesimal calendar and butterfly spreads, he presents a financial argument that the square 
of the local volatility function is the expected value of the instantaneous squared stochas- 
tic volatility conditioned on the level of the underlying asset price, essentially recovering 
Gyongy's result, albeit in a nonrigorous fashion. Following this development, the Gyongy- 
Dupire formula has found several applications in finance. For example, Gatheral [13] uses 
it to compare the properties of a number of stochastic volatility models, and Antonov and 
Misirpashaev [1] and Piterbarg [24, 25, 26] combine it with parameter averaging techniques 
to produce pricing approximations based on approximations of the second conditional ex- 
pectation appearing in (3.10) below, a special case of (3.7) in our main result. Bentata and 
Cont [4] have recently extended Gyongy's result to jump diffusions under a continuity as- 
sumption on the coefficients in the mimicking process and a nondegeneracy assumption on 
the covariance or the jump measure of the mimicking process. 

Here we extend Gyongy [14] in two ways. First, we remove the conditions of nondegen- 
eracy and boundedness on the covariance of the Ito process to be mimicked, requiring only 
integrability of this process and thereby extending the result to cover popular stochastic 
volatility models such as the one due to Heston [15]. Second, we show that the mimicking 
process can preserve the joint distribution of certain functionals of the Ito process (e.g., run- 
ning maximum and running average) at each fixed time. Our mimicking process is a weak 
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solution to an SDE, and in the case of preservation of the joint distribution of functionals of 
the Ito process, the coefficients in this SDE may depend on the values of these functionals 
as well as the current value of the underlying Ito process. 

The conditions that permit our construction are so weak that the solution to the SDE 
we derive is not necessarily unique. Uniqueness results, such as those found in Stroock 
and Varadhan [28], require the conditional expectations determined by the Gyongy-Dupire 
formulas (see (3.7) in this paper) to be sufficiently regular functions of the conditioning 
variables. It is difficult to sec what conditions one should impose on the data of our model 
(the processes b and a and the updating function $ of Theorem 3.6) to ensure such regu- 
larity. Of course, if one is willing to assume that the coefficients in the mimicking equation 
are sufficiently well-behaved, then it is often possible to conclude that the solution to the 
mimicking equation is unique. 

Finally, we mention an independent body of work devoted to a problem similar to the 
one considered here. If an Ito process is a submartingale, Kellerer [18] has shown that it 
can be mimicked by a Markov process. More generally, [18] shows that given any set of 
marginal densities p{t, t > 0, that have finite first moments and satisfy / ip{y)p{s, y) dy < 
J ip{y)p{t, y) for every t > s > and every nondecreasing convex function ip, there is a 
Markov submartingale whose density at each time t is p{t, •). Madan and Yor [22] provide 
constructions of such Markov processes in three specific cases in which the first moments of 
p{t, •) are independent of i. Cox et al. [5] and Ekstom et al. [11] provide related constructions. 
Our results address the specific case in which the densities p(t, •) are the marginals of an Ito 
process. Our mimicking process satisfies an SDE, but because the solution to this equation 
might not be unique, we are not able to establish the Markov property in all cases. On the 
other hand, we have the Gyongy-Dupire formulas for the drift and diffusion coefficients of 
our mimicking process. 

This paper is based on the first author's Ph.D. dissertation [2]. It is organized as follows. 
In Section 2 we present an intuitive discrete-time example that illustrates the main ideas of 
our construction. In Section 3 we state our main result and provide some useful corollaries. 
In Sections 4-6 we develop the tools used in Section 7 to prove the main result. 

2. Guiding example 

To motivate the results that follow, we first sketch a mimicking result for discrete-time 
processes. This setting illustrates the main ideas of our proof methodology without the 
technical complications of continuous time. 

Let No denote the set of nonnegative integers, let B{R) denote the Borel cr-field on R, 
and let (X„)„gNo denote a (not necessarily Markov) stochastic process in discrete time that 
takes values in R. For each n G Nq, we may construct a measurable transition kernel p„ : 
MxB(K) [0,1] with the property that p„(X„; A) is a versionof P[X„+i-X„ g A\a{Xn)] 
for each A G B{M.) and A i— >■ pn{x; A) is a probability measure for each a; S M. 

After moving to a suitable extension of our probability space if necessary, we may con- 
struct a process Y such that Yq = Xq; — Y„ is conditionally independent of J-n given 
Yn, and p„(F„; A) is a version of P(F„+i - F„ e A | J"„) for each n e Nq and A e S(M). It 
follows from these properties that 




Imsart-generic ver. 2009/08/13 file: f or-arxlv.tex date: September 20, 2011 



G. Brunick and S, Shreve/ Mimicking an ltd Process 



4 



SO y is a Markov process. We also have 



E[/(X„+i)] = E E[/(X„+i) I a{Xn)] 



f{Xn + x)pniXn:,dx) , 



and Yq = Xq, so an inductive argument shows that Yn has the same law as X„ for each n. 
This is essentially the construction given by Derman and Kani [8] . 

Given a discrete-time process X, we now let X„ = maxo<i<„ Xi denote the running 
maximum of the process X. Although the law of the random variable Yn constructed above 
agrees with the law of X„ for each fixed n, the law of the process Y may certainly differ 
from the law of the process X. In particular, the law of the pair (X„,X„) may not agree 
with the law of the pair {Yn,Yn) when n > 1. Nevertheless, one can construct a second 
process Z such that the two-dimensional process (Z, Z) is Markov and the joint law of the 
pair {Zn, Zn) agrees with the joint law of the pair (X„, X^) for each n, as we now show. 

We let Qn ■ X B{M.) — > [0,1] denote a transition kernel with the property that 
p„(X„,X„;A) is a version of P[X„+i - X„ G A|cr(X„,X„)] for each A € B{M.). Mov- 
ing to another extension of our probability space, we may construct a process Z such that 
Zq = Xq; Zn+i — Zn is conditionally independent of Tn given (Z„, Z„); and Zn]A) 
is a version of P(Z„+i ~ Zn & A \ Fn) for each n S Nq. 

We define $: ^ by $(ei,e2;a;) = (ei +a;,e2 V (ei +a;)), so that (Z„4.i,Z„+i) = 
^{Zn, Zn', Zn+i — Zn)- We may use the function $ and the increments of the process Z to 
update the state of the process {Z, Z) . One immediate consequence of this structure is that 

E[/(Z„+i,Z„+i)| = f fo<^{Zn,Zn;y) dy), 



so {Z, Z) is a Markov process. We also have 

E[/(X„+i,X„+i)] =E[//o$(X„,X„;y)g„(X„,X„;dy) , 



so another inductive argument shows that the law of the pair {Zm Zn) agrees with the law 
of the pair for each n. This paper extends this construction to continuous time. 



3. Main result 

In order to precisely state our main result, we need some notation. The symbol £ will always 
denote a closed subset of a complete separable metric space, i.e., a Polish space. Let be 
the space of continuous functions from [0,oo) to £, endowed with the topology of uniform 
convergence on compact subsets of [0, oo). We define the shift operator Q : x E ^ by 

e(x,t)^x((t + •)+), 

the stopping operator V: x [0, oo) — > by 

V[x,t) = x{- A t), 

and, if 5 is a vector space, the difference operator A: x [0, oo) — > by 

A{x,t) = x{t+-)~x{t). 
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In contrast to usual practice, here the shift operator can shift paths to the right because 
t can be negative, and in this case, the shifted path takes the value a;(0) on [0,— t]. The 
difference operator actually maps into Cq , the space of continuous functions from [0, oo) to 
£ with initial condition zero, li £ = M.'^ for some integer d, we write C"^ and Cg rather than 
C^" and Co*'. 

Fix a Polish space £, fix a positive integer d, and define fl^ '^ = f x Cq. We endow Q^''^ 
with the product topology. We denote a generic element of il^ '^ by w = (e,a;) and define 
the random variable E{e, x) = e and the ]R''-valued process X{e, x) = x. For a random time 
T, we use the notation X'^ to denote the process X stopped at T, i.e., 

X^iu)^Xt^T{^)iLo)^Vt{X{uj),Tiu)), t>0. (3.1) 

Definition 3.1. We say that $: fl^''^ — > is an updating function provided 

$o(e,x) = e, ee£, (3.2) 

$*(e,a;) = $*(e, V(x, t)) , t > 0, e e £ , x e Cq , (3.3) 

e($(e,a;),i) = $($t(e, x), A(x, t)) , t > 0, e e £, x e C^. (3.4) 

In other words, $ takes an initial condition in £ (see (3.2)) and a path in Cq and generates 
a path in C^ . Property (3.3) says that the path $(e,x) stopped at t depends only on the 
initial condition e and the path of x stopped at t. This is a non-anticipative property. 
Property (3.4) is a type of Markov property, but on a path-by-path basis without the 
presence of a probability measure. It implies that the path of $(e,x) from time t onward 
depends only on the value of the path at time t and the increments of x from time t onward. 
Using the characterization of the Markov property as independence of the future and past 
given the present, it is easily verified that if ^ is a continuous M'^-valued Markov process, and 
if for each t the value of can be deduced from the value of <I't(<^Oj £, — Co)j then <&(^0j f ^ ^o) 
is also Markov. 

Example 3.2 (Process itself). A trivial case of an updating function is obtained if we let 
£ = W^, Q^-'^ = £ X Cq, and ^{e,x) = e -f- a; for e e M'' and x e Cq. If ^ is a continuous 
M^-valucd Markov process and we represent ^ as (Coj ^~Co) £ ^ ^ Cq , then ^t{£,o,^ — £,o) = £,t 
and $(Co, ? - Co) = C is Markov. 

Example 3.3 (Integral-to-datc). Let f = and fi^'^ = £ x Cq. We intepret a point 
(ei,e2; x) G O^'^ as a path ei + x with initial condition ei -|- a;(0) = ei and the inital value 
of a running integral given by 62. It is then easy to check that 




is an updating function. 

Example 3.4 (Maximum-to-date). Let £ = {(61,62) € : 61 < 62} and il^'^ ~ £ x Cq. 
We regard the generic element (61,62; x) G fl^'^ as a path ci + x with initial condition 

61 -|- a;(0) = 61 and the time-zero maximum-to-date 62. Given such a triple, the value of 
the path at a later time t and the maximum-to-date at that time t are 61 -I- x(t) and 

62 V niaxo<s<t (61 + x{s)^, respectively. We thus define 

$t(6i, 62; x) = [ei + x{t), 62 V j;nax^ (61 4- x{s))). 
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It is straightforward to verify that $ is an updating function. If ^ is a continuous real- valued 
Markov process, then ^t{^o, Mq; S, — ^o) = i^t^Mo V maxo<s<t £,s) is also Markov, where Mq 
is any random variable satisfying Mq > almost surely. 

As a final extremal example, we give an updating function that records the entire history 
of the path. 

Example 3.5 (Path-to-date). Define £ = {{s,x) G [0,oo) x C^'jX is constant on [s,oo)}, 
define fl^'"^ ~ £ x Cq, and set 

$t(s,x; y) = (s + t, V(V(a;,s) + e(y,-s),.s + t)), x e s e [0,^),y G C^. 

Given paths x G and y G Cq and a time s > 0, V(a;, s) -I- Q{y,~s) is the path that 
follows x on [0, s] with y appended after time s. The second component of $t is this path 
stopped at time s + t. The first component of $4 is the time s -I- i at which this path is 
stopped. As t marches forward, the second component of the operator $ applied to (s, x; y) 
appends more and more of the path y to the path x, always appending at time s. It is 
tedious but straightforward to check that $ is an updating function. For any continuous 
M''-valued process ^, we have 

$t(o,c°;e-eo)-(t,e*), t>o, (3.5) 

where we recall from (3.1) that ^* is the process ^ stopped at t. 
Theorem 3.6 (Main result). Suppose an -valued process Y is given by 

Yt= f bsds+ f asdW,, t > 0, (3.6) 
Jo Jo 

where W is an MJ' -valued Brownian motion under some probability measure P, b is an R''- 
valued process adapted to a filtration under which W is a Brownian motion, and a is a 
d X r matrix-valued process adapted to the same filtration as b. Assume that E {\\bs\\ + 
IjcTsCrf II) ds < oo fort > 0. Let £ be a Polish space, define Q^'"' ^£xC'^, let^: Q.^'^ 
be a continuous updating function, and let Z be a continuous, £ -valued process satisfying Z = 
$(^0, Y) . Then there exists a nonrandom M.'^ -valued measurable function b and a nonrandom 
d X d matrix-valued measurable function a, both defined on [0,oo) x £, and there exists a 
Lebesgue-null set N C [0, oo), so that 

h{t,Zt)^nbt\Zt\, d{t,Zt)a''{t,Zt) = nat(Tf\Zt\, teN''. (3.7) 

Furthermore, there exists a filtered probability space (fi, J^, {J-"t}t>o, P) that supports a con- 
tinuous -valued adapted process Y , a continuous £-valued adapted process Z , and a d- 
dimensional Brownian motion W satisfying 

Yt^ [ b{s,Z,)ds+ [ d{s,Zs)dWs, Z = ^Zo,Y), t>0, (3.8) 
Jo Jo 

and such that for each t > 0, the distribution of Zt under P agrees with the distribution of 
Zt under P. 
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Although both Y in (3.6) and Y in (3.8) arc c?-dimcnsional processes, the "state" Z of the 
system in (3.8) can be of a much lower dimension that the state process needed to describe 
(3.6). In (3.6) the processes b and a are typically given by stochastic differential equations 
driven by additional Brownian motions not mentioned in the statement of the theorem. The 
process Z is typically the process Y itself augmented by some functional of the path of Y. 
We give examples below. Indeed, the remainder of this section illustrates the applications of 
Theorem 3.6. In this section we also show by example that (3.8) can have multiple solutions 
and discuss conditions that guarantee uniqueness. The subsequent sections arc devoted to 
the proof of Theorem 3.6. 

As a first application, wc take Y = X — Xq and Z — X in Theorem 3.6 and use the 
updating function of Example 3.2. We then have the following corollary, which is the result 
obtained by Gyongy [14], but here without the boundedness and nondegeneracy assumptions 
of [14]. 

Corollary 3.7 (Process itself). Suppose an M.'^ -valued process X is given by 

Xt = Xo+ [ bsds+ [ tJ.dWs, t>0, (3.9) 
Jo Jo 

where W, P, b and a are as in Theorem 3.6. Then there exists a nonrandom -valued 
measurable function b and a nonrandom d x d matrix-valued measurable function a , both 
defined on [0, oo) x R'', and there exists a Lebesgue-null set N , so that 

b{t,Xt)^E[bt\Xt], dit,Xt)d'^t,Xt) = E[ataT\Xt], t € N'' . (3.10) 

Furthermore, there exists a filtered probability space (fi, J^, {J-'t}t>o, P) that supports a con- 
tinuous -valued adapted process X and a d-dimensional Brownian motion W satisfying 

Xt=XQ+ [ b{s,X,)ds+ [ d{s,X,)dWs, t>0, (3.11) 
Jo Jo 

and such that for each t > 0, the distribution of Xt under P agrees with the distribution of 
Xt under P. 

Taking Y = X — Xq and Zt = {Xt,At), and using the updating function in Example 
3.3, we obtain the following corollary about the distribution of a process and its running 
integral. 

Corollary 3.8 (Intcgral-to-date). Suppose a real-valued process X is given by (3.9) where 
W , P, b and a are as in Theorem 3.6 with d = r = 1. Let A be a continuous process such 
that ^ 

At = A(i+ I Xs ds, t > 0. 
Jo 

Then there exists a nonrandom real-valued measurable function b and a nonrandom [0,oo)- 
valued measurable function a, both defined on [0,oo) x M^, and there exists a Lebesgue-null 
set N , .such that 

bit,Xt,At)^E[bt\Xt,At], d^{t,Xt,At)=E[a^\Xt,At], teN'. 
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Furthermore, there exists a filtered probability space {yi,J-, {J^t}t>o,P) that supports continu- 
ous real-valued adapted processes X and A and a real-valued Brownian motion W satisfying 



Xt=Xo+ f b{s,Xs,A,)ds+ I d{s,X,,A,)dWs, i > 0, 

At^Ao+ I Xs ds, t > 0, 
Jo 

and such that for each t > 0, the distribution of the pair {Xt,At) under P agrees with the 
distribution of the pair {Xt,At) under P. 

Taking Y = X — Xq and Zt = {Xt,Mt), and using the updating function in Example 
3.4, we obtain the following corollary about the distribution of a process and its running 
maximum. 

Corollary 3.9 (Maximum-to-date). Suppose a real-valued process X is given by (3.9) where 
W , P, b and a are as in Theorem 3.6 with d = r = 1. Let Mq be a random variable satisfying 
Mo > Xq almost surely and define 

Mt = Mo V max X^, t>0. 

0<s<t 

Then there exists a nonrandom real-valued measurable function b and a nonrandom [Q,oo)- 
valued measurable function a, both defined on [0,oo) x M."^, and there exists a Lebesgue-null 
set N , such that 

bit, Xt,Mt) - E[5t I Xt,Mt], d^{t, Xt, Mt) = E[a2 | Xt,Mt], t e N^. 

Furthermore, there exists a filtered probability space (f2, {J^tjoo, P) that supports continu- 
ous real-valued adapted processes X and M and a real-valued Brownian motion W satisfying 



Xt = Xo+ f Ks, Xs,Ms) ds+ f 3(3, Xs,Ms) dW^, t> 0, 
Jo Jo 



(3.13) 



Mt = Mo V max Xs, t>0, 

0<s<t 



and such that for each t > 0, the distribution of the pair {Xt,Mt) under P agrees with the 
distribution of the pair {Xt, Mt) under P. 

Taking Y — X ~ Xq and Zt — (t, X*), and using the updating function in Example 3.5, 
we obtain the following corollary, which states that every Ito process with intcgrable drift 
and covariance is a weak solution to an SDE with path-dependent coefficients. 

Corollary 3.10 (Path-to-date). Suppose a real-valued process X is given by (3.9) where 
W , P, b and a are as in Theorem 3.6. Then there exist path- dependent functionals b and a, 
both defined on [0, oo) x , with b taking values in and a taking values in the space of 
d X d matrices, and a Lebesgue-null set N such that 

b{t,X') ^E[bt\X% d{t,X')d'''{t,X')=E[atcrl''\X% t e N". 
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Furthermore, there exists a filtered probability space (17, J-", {J^t}4>o, P) that supports a con- 
tinuous W'' -valued adapted process X and a d- dimensional Brownian motion W satisfying 

Xt = XQ+ [ b{s,X-'')ds+ [ d{s,X'')dWs, t>0, 
Jo Jo 

and such that X has the same distribution under P as X has under P. 

We close this section with a brief discussion of the nonuniqueness that can arise in equa- 
tion (3.8) of Theorem 3.6 and its relationship to the strong Markov property. We first provide 
a simple example within the context of Corollary 3.7, where X and Z are the same process. 

Example 3.11 (Nonuniqueness). Let d = 1 and = in Corollary 3.7 and let Xt = 

J^asdWs, where as = I(i.oo) (s)I{Wi>o}- Then Xt = l(i.oo){t)^{Wi>o}{Wt - Wi). From 
(3.10) we sec that ait,y) = for < t < 1, and for t > 1, 



a^t,y)=na^\Xt=y] 



1, ify^O, 
0, ify = 0. 



Both X^ = and X^ = \i^oo){t){Wt - Wi) are solutions of (3.11). The weak solution X 
that has the same one-dimensional distributions as X is obtained by an initial randomization 
that is independent of W and determines whether X agrees with X^ or X^, each of these 
events having probability i. This process is Markov, but not strong Markov, as can be seen 
by considering the stopping time that is the first time after time 2 that zero is reached. □ 

The previous example shows that the mimicking process may not be strong Markov. 
Nevertheless, if we are willing to impose further conditions on the coefficients b and a 
appearing in Theorem 3.6, then we can often conclude that the solution to (3.11) is unique 
in law and strong Markov. In particular, if we assume that b appearing in Corollary 3.7 is 
bounded and measurable and that ctct*'" is bounded, strictly positive-definite, and continuous, 
then the results of Stroock and Varadhan [28] ensure that the mimicking process satisfying 
(3.11) in Corollary 3.7 is unique in law and strong Markov with respect to its natural 
filtration. In fact, more recent results of Krylov [21] imply that the mimicking process in 
Corollary 3.7 is unique in law and strong Markov when b is bounded and measurable and (?(?*'' 
is bounded, locally uniformly positive-definite, and continuous in the sense of vanishing mean 
oscillation. If we restrict attention to the one-dimensional case, then the mimicking process 
in Corollary 3.7 is unique in law and strong Markov when b is bounded and measurable, 
and a is bounded, locally uniformly positive, and measurable (Exercise 7.3.3 of [29]). 

Similarly, Theorem 5.10 of [3] asserts that the solution to (3.12) is uniquely determined in 
law when b is bounded and measurable and a is bounded, strictly positive, and continuous. 
It then follows that the mimicking processes in Corollary 3.8 possesses the strong Markov 
property when these conditions hold. The two-dimensional process (X, A) is degenerate, so 
the results of Stroock and Varadhan [28, 29] do not apply. 

We observe finally that the path functional x i— >■ maXsg[o_t] x(s) is Lipschitz continuous 
for each fixed t > Q. This implies that pathwise uniqueness holds for the mimicking equation 
(3.13) in Corollary 3.9 when b and a are bounded and locally Lipschitz continuous. As a 
result, it is easy to check that the process {X, M) in Corollary 3.9 is strong Markov under 
these conditions. 
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To summarize, we cannot conclude in general that the mimicking process Z in Theo- 
rem 3.6 is unique in law and strong Markov. In many cases of interest, it is possible to 
identify conditions that may be imposed on the mimicking equation to ensure that the 
solution is unique and that the mimicking process possesses the strong Markov property. 
However, these conditions vary from case to case, and depend in an essential way on the 
structure of the updating function. 

4. Concatenated measure 

In this section we begin with a measure P and a partition 11 of [0,oo) and construct a 
concatenated measure. This is the continuous-time analogue of the measure induced on path 
space by the process Y or the pair {Z, Z) in Section 2. We use the notation introduced at the 
beginning of Section 3. On the space Jl^^'' = £x Cg , we introduce the a-field J"^^'' = €(g)cr(X) 
and the filtration J^f '"^ = (t(X*), t > 0, where £ is the Borel tr-field in £. 

Definition 4.1. Let ~ Tq < Ti < ■ ■ ■ < Tn be a sequence of finite (for every uj ) '''loo- 
stopping times and let {QiYi^^ be a collection of a-fields satisfying Qi C J-^''^ fori ~ 0, . . . ,n. 
Set Tn+i = oo, set Hq = J-'q''^ , and define Hi+i == Gi V a[A{X'^'+'^ , Ti)), i = 0,1, . . . ,n. We 
say that H = (T'i,CJi)"^Q is an extended partition provided 

(a) T,+l-T,eg^V a{A{X,T,)), i ^ 0,1, . . . ,n - 1, 

(b) g^cn^, i^O,l,...,n. 

Remark 4.2. Because Ti+i — Ti is J^^.'^^ -measurable and ^^'^^ = <B (E) (j(X'^^+'^), condition 
(a) in Definition 3.1 is equivalent to the apparently stronger condition 

(a') r,+i-r, t = o, i,. . .,n - i. 

Because Gi C J^^f C -^tI+i ^^"^ <^{A{X'^'+'^ ,Ti)) C J^t-^i^ '^^ have Hi+i C J^tI+i^ '^^ 
equivalently 

nidT^f, i = 0,l,...,n,n+l. (4.1) 

□ 

An extended partition is a model for observing and partially forgetting information over 
time. Partial forgetting occurs in Section 2 when we condition on the value of a process at 
time n rather than on Tn- With an extended partition, at time T we retain the information 
in Qi as we move forward into the interval [Ti,Ti-^.i], but carry no other information from 
J^^'f^ forward. Wc then observe increments in X over the interval [Ti,Ti_(.i], so that the 
information we have at time T^+i is Jii+i - This information is sufficient to tell us the length 
of time Ti+i — Ti we conduct the observations. We then remember only the information in the 
sub-cr-ficld Gi+i of the information in Hi+i as we go forward into the interval [T^+i , rj_|_2] • 
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4-1. Existence and uniqueness of concatenated measure 

Theorem 4.3 (n-fold concatenation). Let P be a probability measure on ($7^''*, J^^''^), and 
let {Ti,Qi)2^Q be an extended partition. Then there exists a unique measure P®n satisfying 

P®n[yl] = P[yl], A e H,, i ^ 0,1, . . . ,n + 1, (4.2) 
F^^[B\T^f] = ¥[B\g,], BeH,+i, ^ = 0,l,...,n. (4.3) 

We interpret (4-3) to mean that every F-version ofP[B \ Qi] is a P'^^ -version o/P®'^[i3 | J^^''^]. 

Example 4.4 (Simple concatenated measure). Let £ = {0}, so that ft^'^ is isomorphic to 
Cq. Then T^'^ is the trivial cr-algebra {0,Co}. We consider the extended partition 11 = 
{Ti, Gi)i=o with Qq = Qi = {0, Cq} and Tq = 0, Ti = 1, and, by convention, T2 = 00. Then 
Tio = J^o'^ ^1 = ^1'^ = o-(^W,0 < t < 1), and = cr(^(t) - X{l),t > 1). We define 
four elements of by uj"{t) = 0, Lu^{t) ^ t, Lu'^{t) = t Al and uj^{t) = (t-l)+ for t > 0. Let 
(5* be the probability measure on Cq assigning probability 1 to w*, and set P = (S'^ + S^)/2. 
The sets 

^0 = {x e ■■ x{t) = Vt e [0, 1]} and Ai ^ {x e : x{t) = t Vt G [0, 1]} 

are in Hi = J'f and P(Ao) = P(^i) = i. According to (4.2), we must also have P^'^{Ao) = 
P®n(yli) = i. The sets 

-Bo = {xe : x(t) - x(l) = V< e [1, 00)}, 
Bi = {xeCl:x{t)-x{l)=t-l^te[l,oo)} 

are in H2, and (4.3) implies that 

P®^[Bo I J-f -^l = P[Bo I ^i] = P[i?o] = ^. 
Integrating this equation over Ai with respect to P®n^ .^^g ggg 

^=P®^{Alr^Ba)^P®^{u'^). 
Considering all combinations of Aj and Bk, we conclude that P'^'^(a;') = | for i = 0, 1, 2, 3, 

The remainder of this subsection is devoted to the proof of Theorem 4.3. Let C'' denote 
the Borel a-field in and let Cg denote the trace cr-field in Cq. We first concatenate a 
deterministic initial path and a probability measure at a deterministic time. Given a fixed 
point ZU = {e,x) G a time t > Q, and a probability measure Q on (fi'^''*, J^^'"*), let 

^'iu,t : -> f^'^''' denote the function 

«'u,t(e, x) = (e, V(x, i) + X - V(x, t)) , (4.4) 

and set (5i5-®tQ = Q°*^t- The reader can easily check that the measure Jjj^tQ is uniquely 
determined by the properties 

(fc ®t Q)[E = e,X, = xis) \fs<t] = 1, (4.5) 
iS-(g,tQ)[A{X,t)eA]=Q[A{X,t)eA], VA e Cg. (4.6) 
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If q[Xt = x{t)] = = R"^, and wc identify n^^"^ with C"* in the natural way, then this 
notation reduces to the construction given in Lemma 6.1.1 of [29]. 

In the next step, we concatenate an initial probability measure and a probability kernel 
at a stopping time. 

Definition 4.5. Let and {VL",T") he measurable spaces. We say that a Junction 

Q: n' X T" [0,1] is a probability kernel from (fi', J"') to provided 

(a) Q{lo' ^ A") is a J-' -measurable function of ui' G Q! for each A" G !F" , 

(b) Q{uj' , ■) is a probability measure on (VL" ,!F") for each ui' € Jl'. 

Proposition 4.6. Let Y be a probability measure on (ft^ , ''^) , let T be a finite (for 
every lj) {J-f ''^}t>o-stopping time, and let Q be a probability kernel from {VL^ ''^ , J-^''^) to 
^^£-,<i^ jrf,<i)^ T/ien there exists a unique probability measure P ®t Q on {Q,^ J-'^ '''') such 
that 

(a) P®tQ[A] =P[A], AeJ-^'^ 

(b) the random variable u i— > [Sui®t{lo)Q{^i '))[^] ^ version of the conditional probability 

{¥ (g}T Q)[F \ T^^"^] for allFeT^^'^. 

Proof: When the initial condition {X^^p) = XT(zj)i^)}) = 1 holds for each w € fl^''^, 
the result follows in the same way as Theorem 6.1.2 of [29]. To handle the general case, we 
modify the initial segment of each path to ensure that the proper initial condition holds. Let 
^'u.t be defined as in (4.4) and set Q(w, • ) = Q{iJ, ■ )ovI/~^^_^. The map (w, w) H> 'i'uj,T{zj){^) 

is J"|'''(g) J'^'^'/J'^^'^-measurable, so Q is a probability kernel from {Vl^''^, F^''^) to {Vt^ ^'^ , ^'^) . 
It follows from the definition of * that Q(aJ,{X^(") = X^(")(aJ)}) = 1 for each aJ S 17^-'', 
so we may apply the previous case to conclude that there exists a unique measure f ®t Q 
such that (a) and (b) hold when Q is replaced with Q. But the operator tu i— > ^['^^ 4(0;) is 

idcmpotcnt, so (5— (8it(z:;) Qi^i •) = ^®T(i:i) Q{^: ') for each ZJ e il^''*, and P(8)t Q = P(8it Q 
is in fact the unique measure which satisfies (a) and (b) . □ 

We now begin concatenating probability measures. 

Corollary 4.7 (Two-fold concatenation). Let Pi and P2 be probability measures on fl^''^, 
let T be a finite (for every to) {F^ ' }t>o-stopping time, let Q be a sub-a-field of Frp' , and 
assume that Vi\Q <^ f2\g- Then there exists a unique measure, denoted Pi ®T.g ^2, such 
that 

(a) Pi ®T,Q P2[A] = Pi[^], A€ F^^\ 

(b) for every set B ^ Q W (t(A(X, T)), every version ofV2[B \ Q] is a version of (Pi ®T,g 

V2)[B\F^\ 

(c) i/Pi and P2 agree on Q, then Pi ®T,g P2 and P2 agree on g y a{A{X,T)). 

Proof: Because fl^''^ is a Polish space, there exists a ^/-measurable probability kernel Q 
from {n^-'\F^-'^) to {n^ , F^ ■'^) such that for every F € F^'"^, Q{-,F) is a version of 
P2[F1^] ([29], Theorem 1.1.6). Using Proposition 4.6, we define Pi (g)T,g P2 = Pi «)t Q- 
Property (a) of the corollary is property (a) of Proposition 4.6. 

Given w e Q^''^ andF e J"^''', set Q{uj,F) = {Su,<S}t{uj)Q{^, -MF]- Property (b) of Propo- 
sition 4.6 asserts that Q{-, F) is version of (P <^t Q)[F \ F^''^] for all F e F^-"^. Galmarino's 
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Test (see [6] Theorem IV.lOO) remains valid for the fihcrcd space (17^''', J"^^'', { jf ''*}t>o), 
so Q{u},AnF) = Ia{u})Q{uj,F) for all uj e fl^^"^, A e J'^''*, and F e J'^-'' by (4.5). If B 
takes the form B ^ An {A{X, T) e D} with A^g and D e £[5, then (4.6) implies 

Q{-,B)=lAQ{-,{HX,T)^D])=¥2[B\g], P2-a.s. (4.7) 

It then follows from Dynkin's tt-A theorem that (4.7) holds for all B £ V cr(A(X,T)). 
From (a) we have Pi ®T,g P2|g = Pile, and we have assumed Pi|g ^ P2|e, so the fact that 
Q(-, B) is a version of both (Pi ®T,g ^2)[B \ J^' ] ^^^"^ 1P2[-S | Q] implies that every version 
of W2[B I g] is also a version of (Pi ®T,e ]P2)[5 | ^1' 1- 

For (c), assume that Pi and P2 agree on g. Property (a) implies that f'i\g ~ (Pi ®T.g 
P2)|g, and hence Psie = Pi ®T,e P2|e. For B & gv a{A{X,T)), we have from (b) that 
P2[B I = (Pi <E)T,g ^2)[B I g], and we can integrate both sides over fi^''* with respect to 
P2|e = Pi ®T,e P2IC; to obtain (c). 

Uniqueness of Pi ^T,g P2 follows from the fact that (b) specifies this measure on g V 
a{A{X,T)) conditioned on T^''^, up to P2|g-equivalence. Furthermore, (a) specifies this 
measure to be Pi on a'^d hence on g. But Pi <C P2, and hence the integral in the 

equation (Pi (g)T,g ^2)[B] = J^-^e.^ ^2[B \g] dFi for B G g V a{A{X,T)) is weh defined. We 
see then that properties (a) and (b) specify the measure Pi (8)T,e P2 on ^ V a{A{X, Tj) and 
on J"^'''. These two cr-fields generate J^^''', and thus the measure is uniquely determined on 
jrS.d |-jy properties (a) and (b). □ 

Proposition 4.8 (Three-fold concatenation). Let Pi, P2 and P3 be probability measures 
on O^''* and let < S < T be finite (for every lo) {J^^''^}t>o-stopping times. Let g be a 
sub-a-field of T^''^ and let H be a sub-a-field of g y a{A{X'^ , S)), which is a sub-a-field of 
Jy''^- Assume that T - S is g \J a [A{X,S)) -measurable. //Pi|g < P2|g andP2|« <P3|h, 
then 

(a) Pile < (P2<8)T,wP3)|a> 

(b) (Pl®S,eP2)|H<P3|H, 

SO that both Pi ®s,g (P2 ®tm P3) O'f^d (Pi ®s.g P2) ®t,h Pa are defined, and 

(c) Pi ®s,g (P2 ®TM P3) = (Pi ®s,g P2) ®TM Ps- 

Proof: We simphfy notation by writing P12 = Pi ®s,g P2, P23 = P2 ®t,h Pa, Pi, 23 = 
Pi«'S,e(P2«)T,wP3), and Pi2,3 = (Pi«is,c;P2)«'T,«P3- For (a), we note from Corollary 4.7(a) 
that P23 agrees with P2 on J^'^, and hence on g. Property (a) follows from Pilg <C P2|g- 
For (b), let AgV. satisfy f^[A\ = 0. By assumption, we also have P2[^] = 0, and hence is 
a version of P2[^ | g]- Being in A is also in g V ct(A(X, 5*)), and according to Corollary 
4.7(b), is a version of Pi2[A | T^-^ Therefore, Pi2[^] = 0. 

The collection of sets of the form AnBnC, where A e J'f''', B G ct(A(X^, S)), and 
C S f7(A(X, T)), is closed under finite intersections and generates F^'"^. Thus, to prove (c), 
it suffices to show that the desired equation holds when both sides are evaluated for a set 
of this form. Let A, B and C be as described, and let G be in g. Let Z be a version of 
Eapc I "H] and Y a version of E2[IsZ|t/]. Corollary 4.7(b) implies that Z \s a version of 
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^23[C I This combined with Corollary 4.7(a) implies 

E23[lGi"] = M^gY] - E2[lGnS^] = E23[lGni3^] = E23[G H B H C]. 

We see then that Y = E2[IbE3[Ic | | C/] is a version of E23[Isnc I S]j a fact we use along 
with repeated applications of Corollary 4.7(a), (b) and (c) in the chain of equalities 



^,23[Ansnq 



El,: 



E 



lAEi,23[lBnc|-^|' ]] 
= Ei,23[lA[lBnc|S]] 
= Ei,23[IaE2[IbE3[Ic|H] |g] 

.4E2 [iBE3[ic\n]\g] 

lAEi2[li3E3[Ic|H] I 
= Ei2[lAnsE3[Ic7|H]] 
= Ei2,3[l.lnBEi2,3[Ic|^|i] 

= Pi2,3[Ansnc]. 

Proof of Theorem 4.3: Let m satisfy < ?7i < n - 1. According to Definition 4.1, 

+ 1 C TLm+l — Gm 

li Q < m < n — 2, wc further have 

Qm+2 C 'Hm+2 = Gm+1 V a(A(X^'"+^^,„+l)) C Gm V a{AiX,Tm)). 

Iterating this process, we obtain the relation Gj C CJm V(t(A(X, Tm)) for j = to, to+1, . 
Consequently, 

Gj V <j{A{X^^+\T,)) C Gm V a{A{X,Tm)), 0<m<j< 



□ 



(4.8) 



We now proceed by induction on to. The induction hypothesis corresponding to m, where 
TO = 0, . . . , n, is the existence of a measure P™ such that 

(i) P"[A] = P[A] for all Aen^ andO <i <n + l, 

(ii) for _B e Hi+i and < i < to — 1, every P-version of P[i? | is a P™-version of 

The base case is P° = P, a case for which (i) trivially holds and (ii) is vacuous. 

Assume the induction hypothesis for some integer to. Because Gm C Hm and the measures 
P™ and P agree on Km, we may invoke CoroUary 4.7 to define P"+i = P™ (8)T„.,e„. P- If 
A G Hj for some j, < j < to, then A e J'l^f and P"+i[A] = ¥"'[A] = F[A] by Corollary 
4.7(a) and part (i) of the induction hypothesis. If m < j < n, then (4.8) implies 

■Hj+i ^ Gj V a(A(X^^+i , Tj)) C Gm V a(A(X, T,„)) . (4.9) 

But CoroUary 4.7(c) implies that P"+i agrees with P on Gm V cr(A(X, r,„)) . Hence, P"+i 
satisfies (i). 
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For some i, < i < 7Ji — 1, let B G Hi+i and A G J-^''^ be given. Suppose Z is a version 



of F[B I Gi], so that both AnB and Ia^' are J'^^'^-measurable (recall (4.1)). CoroUary 4.7(a) 
(used twice) and part (ii) of the induction hypothesis imply 

showing that Z is a version of V"'+^[B\T^f]. Finally, suppose B is in Hm+i, which is a 
sub-cr-field of Gm V a{A{X,Tm))- CoroUary 4.7(b) says that every version of ¥[B \ Qm] is a 
version of P™+^[i? | J^^'"^]. This establishes (ii) with m + 1 replacing m. 

The induction argument above constructs P®'^ = P"+i that satisfies (4.2) and (4.3). 
To see that this measure is unique, we show that (4.2) and (4.3) determine its value on 
sets of the form n"+,^Bj, where Bq G J'^''^ = Ho and Bi+i G a{A{X^^+\T,)) C n^+l for 
i = 0, . . . ,n. This collection of sets is closed under finite intersections and generates J^^'"^. 
For such a set, repeated application of (4.3), followed by a final application of (4.2), yields 



E"+i 



f ii+l 



Ib„E"+1[Ib„ 



I J^^''^] I 



T„-iJ 



■£.d1 



■EM 



■E"+i[lB„E[lB„^jg„] I J-^,^^ 



Ib„E"+i [Is, • • •E[Ib„E[Ib„+i | Gn^Gn-i] • • • | ] 



E' 



E 



n+l 



Ib„E[Ibi • • • E[Ib„E[Is„^, I 5„] I g„_i] • • • I 5o] 



This concludes the proof of Theorem 4.3. 

Remark 4.9. We see from the proof of Theorem 4.3 that 



IboE[Ib, • • • E[Ib„E[Ib„^, I g,,] I • • • I go] 



(4.10) 



where the associative property of Proposition 4.8(c) makes the grouping of the ®Ti,gi opera- 
tors irrelevant. Equation (4.10) provides insight into the nature of f>®^. If is equal to J-^''^ 
for each i, then the last iterated conditional expectation in (4.10) collapses to P[n"l|Q^i?i], 
and P®'^ agrees with P. At the other extreme, if Qi is the trivial tr-field {0, $7^''^} for each 
I, then this iterated conditional expectation becomes Ilfc^o '^'I-^d' s-'^d increments of the 
path fragments over [T^, T^+i] are independent of one another under P®n have the same 
unconditional distribution as under P. □ 



4-2. Properties preserved by concatenation 

Proposition 4.10. Lei P be a probability measure and let {Ti, Qi)^^^ be an extended partition 
on (p.^ ''^ , ''^) . Let A be an {F^ ''^}t>o- adapted continuous real-valued process on ft^''^, and 
assume that A(A, Ti) is Qi V ct(A(X, Ti)) -measurable for i = 0, . . . , n. 
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(a) The total variation of A on [0, oo) is P-almost surely finite if and only if it is W^^-almost 

surely finite. 

(b) The process A is T-almost surely absolutely continuous if and only if it is P®^-almost 

surely absolutely continuous. 

'"+1. For (a), we 



Proof: Wc set po = P and P'+i = P* (8)T.,e. P, i = 1, . . . , n. Then P®" 
proceed by induction on i = 0, 1, . . . , n, assuming that 

(ai) the total variation of A on [0, od) is P-almost surely finite if and only if it is P'- almost 
surely finite. 

On J^y''', the probability measures P' and P*"'"^ agree (Corollary 4.7(a)), and hence A re- 
stricted to [0, Ti] is P*-a.s. of finite variation if and only if A restricted to [0, Ti] is P'+^-a.s. of 
finite variation. The variation of A on subintervals in [Ti, oo) is a function of A(^, Ti), which 
is Gi V cr(A(X, Ti))-measurable, and on this cr-field, the measures P' and P*+i agree (Corol- 
lary 4.7(c)). Therefore, A restricted to [Ti, oo) is P*-a.s. of finite variation if and only if A 
restricted to [Ti, oo) is P'+^-a.s. of finite variation. We conclude that A has finite total vari- 
ation on [0, oo) P*-almost surely if and only if it has finite total variation P*+^-almost surely. 
Combining this with the induction hypothesis (a^), we obtain the induction hypothesis with 
i + 1 replacing i. 

The continuous process A is absolutely continuous on [0, oo) if and only if it is absolutely 
continuous on [0,T!i] and absolutely continuous on [Ti,oo). Therefore, we can imitate the 
proof of (a) to obtain (b). □ 

Proposition 4.11. Let¥ be a probability measure and let {Ti,Qi)^^Q be an extended partition 
on (p,^ , J-^ ''^) . Let A be an {J-^ ''^}t>Q-adapted continuous -valued process on n^''^ with 
Aq = 0, and assume that A{A, Ti) is Gi V a{A{X, Ti)) -measurable for i = 0, . . . ,n. Assume 
there exists a measurable M.'^ -valued process a such that the set 

J{uj) =: l^f: G [0,oo) : —At{uj) exists but is not equal to at{uj)~^ (4-11) 

has Lebesgue measure zero for P-almost every and F^^-almost every oj G fJ'^''*. Then 



At=[ audu \ft e [0, 
Jo 



if and only if 



At ~ audu Vt e [0, oo 

"'0 

When the equalities (4-12) and (4--13) hold, we also have 



= 1 



= 1. 



(4.12) 



(4.13) 



E 



f{au)du^P: 



f{au) du 



(4.14) 



for every nonnegative, Borel-measurable function f : 
S satisfying {S - Ti)+ G V a{A{X, T,)) for i = 0, . 



and {T^ ' }t^f)-stopping time 



. , n. 
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Proof: Assume (4.12). Then each component of A is P-a.s. absolutely continuous. Propo- 
sition 4.10 implies that the components of A are P^'^-a.s. absolutely continuous as well. 
Therefore, for P®^-almost every lu, the set 

C{uj) - 1^ e [0,oo) : ^M^) exists 

has full Lebesgue measure, and by the assumption about J(w), the set 

D{uj) = e [0,oo) : —At{uj) exists and is equal to at(ct')j' 

also has full Lebesgue measure for P'^'^-almost every w. This implies (4.13). This argument 
is reversible; (4.13) implies (4.12). 

We now assume (4.12) and (4.13). The t/iVcr(A(X, Ti))-measurability of A(A, T,) together 
with the J^^.'^^-measurability of A{A'^^+^ , Ti) implies the 'Hi+i-measurability of A(yl-'"'+i , Ti). 
Because A is adapted and continuous, ^Ti(w)+t('^)I{o<t<Ti+i(w)-Ti(a;)} is a jointly Hi+i (8) 
B[0, oo)-measurable function of (w, t), where B[0, oo) is the Borel tr-field on [0, oo) (recall Re- 
mark 4.2). The same is then true for the right-hand derivative ^^Ti(Ld)+tI{o<t<Ti+i(tj)-Ti(w)}: 
where we set this right-hand derivative equal to an arbitrary value whenever the limit of the 
relevant difference quotient does not exist. By assumption, (S — Ti)^ is also QiV (7{A{X,Ti))- 
measurable. Therefore, (r,+i - Ti) A {S - Ti)+ = T^+i A S - Ti A S is "Hj+i-measurable. 
But on each Hi+i, the measures P and P'^'^ agree, which implies that for every nonnegative 
Borel-measurable function / : R'' — )- R, 

E / /(aT,+«) du = E®n / ./(«T.+n) du. 

Jo Jo 

Summing over i = 0, 1, . . . , n, we obtain (4.14). □ 

Example 4.12 (Example 4.4 continued). Consider the extended partition and probability 
measures P and P®" of Example 4.4. We take A = X so that = and A{A,Ti) is 
Gi V (t(A(X, 7"i))-measurable for i = 0,1. We define the adapted processes 



e 

f3t{uj) = (limsupOV A l| I(o.i](i) + (limsupOV + '^i ~ '■^'■^i ^ A h^ ^t), 



at{uj) = (limsupO V ^ A l| I(o.oo](i), 

^e) , ,1 ^ , r„ nw ^(l + e)-^(l) 



and the sets E = {At= du Wt g [0, oo)} and F = {At = J* /?„ du Vi g [0, oo)}. Then 

we have ¥[E] = F[F] = F®'^[F] = 1, but ¥'^'^[E] = 1/2. 

If we let K{uj) denote the set obtained by replacing a with /3 in (4.11), then we see that 
K{ijj) is a Lebesgue null set P-almost surely and P^'^-almost surely. On the other hand, J{lo) 
defined by (4.11) is a Lebesgue null set P-almost surely, but has strictly positive Lebesgue 
measure with strictly positive P^'^-probability. In particular, we see that (4.12) and (4.13) 
may not be equivalent in this situation. □ 
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Corollary 4.13. Let ¥ be a probability measure on {n^''^,J-^''^) and for each positive in- 
teger m, let n™ = (27"i Si'")iI;o"'' extended partition. Let A be an {J^f''^}t>o- adapted 
continuous M.'^ -valued process on n^^'^ with Ao = 0, and assume that T™ and A(A, T"') are 
Q™' V cr(A(X, T^)) -measurable for i = 1, . . . , N{m) and m = 1,2 . . . . Let a be a measurable 
-valued process such that At = Uudu for every t > 0, P-almost surely, and assume 
that the set J{uj) defined by (4-11) has Lebesgue measure zero for every cj € Vl^-'^. Finally, 
assume 



E 



du < CO, t > 0. 



(4.15) 



Then the following hold. 



(a) For every t S [0,oo), a restricted to [0,t] is uniformly integrable with respect to the col- 

lection of product measures {P®^ x \[o^t]}m=i' where \o.t\ denotes Lebesgue measure 
on[Q,t\. 

(b) The collection of measures {P®n"* ^ A^'^}'^^^ on Cq is tight. 

Proof: For (a), fix t G [0, oo). Given e > 0, (4.15) guarantees tliat there exists > so 
large that E |ja„||I{||a„||>A/j du < e. Applying Proposition 4.11 with/(a;) = ||a;|lII{||x||>A/j 
and S* = t, we obtain E®^" ||q;„||I{||q^j|>a/j du < e for all m. 

For (b) it suffices to verify that for every e > 0, there exists a set ft^ € T^-'^ such that 
P®n'"(rJe) > 1 - e for every m and 



lim sup sup ||^i,(aj) — As(w)j| = 0, 

SiO ^gQ^ 0<s<D<tA(s + i5) 



t > 0. 



(4.16) 



Fix e > and let {tn}^^i be an increasing sequence of positive numbers with lim. 
oo. For fixed n, we construct r2„ such that P®'^ {^n) > 1 ^ 2^"e for every m and 

lim sup sup ||A„(a;) — As(tt')|| =0. 

•J-l-O uiefl,, 0<s<-u<t„A(s+(5) 



(4.17) 



Then = n^^if}„ satisfies (4.16) and P®" (fi^) > 1 - e for every m. 

We fix n and construct ri„ by working through the proof of the Borel-Cantelli lemma. 
For each positive integer k, part (a) implies the existence of (5^ > for which 



sup \\A„-As\ 

0<s<ti<t„A(s+(5fc) 



< W 



sup 

0<s<v<tnA{s+Sk) 



du 



< 2 



-2k 



for all m. We define Fk = |supq<j,<„<(^^(^^5^) ||a„|| du > 2 '^|, and note from Cheby- 

shev's inequality that P®n"(i^fc) < 2''' for every m and k. Choose j such that 2 < 
2-"e and set 17„ = nk>jF^. We have P®n"(rj^J < J2T=j ^^'^"^ (Fk) < 2""e for every m, as 
desired. Also, ui e r2„ implies that supQ<s<„<j^/\(^^5^') J^' \\au\\ du < 2^^ for all k > j, and 
hence (4.17) holds. □ 

Definition 4.14. Let Y be an adapted continuous M.'^ -valued process defined on a filtered 
probability space (il,-^, {J-'t}t>o,P), let B be an adapted continuous -valued process whose 
components are of finite variation and for which Bq = 0, and let C be an adapted continuous, 
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d X d-matrix-valued process whose components are of finite variation and for which Cq = 0. 
We further assume that outside a ¥-nuU set that does not depend on s and t, the increment 
Ct — Cs is positive semi-definite whenever Q < s < t < oo. We say that y is a seminiartingale 
with characteristic pair (B, C) if the components ofY — B and {Y — B){Y — B)*^ — C are 
local martingales. 

Proposition 4.15. Let ¥ be a probability measure and let (Ti, Gi)f^Q be an extended partition 
on {il^ ''^ , J-'^ '''') . Let Y be a continuous -valued process (d' may be different from d), and 
suppose that Y is a semimartingale with characteristic pair (B,C) under P. If A{Y,Ti), 
A(i?, Ti) and A(C, Ti) are all Qi V (t(A(X, Ti)) -measurable for i = 1, . . . , n, then under P®n 
the process Y is still a semimartingale with characteristic pair {B,C). 

The proof of Proposition 4.15 depends on some prchniinary resuhs. 

Lemma 4.16. Let Pi and P2 be probability measures on 

(^[}£,d^jr£.d^^ and let T be a finite 
(for every uj) {J^f''^}t>o-stopping time. Let M be a continuous local martingale relative to 
{J-f''^}t>Q under Pi andV2- LetQ be a sub-a-field of J-^'^^ such that¥i\g <^¥2\g and assume 
that M = A{M,T) is G V a{A{X,T))-measurable. Then {Mt,^^ ) t>o is a continuous local 
martingale under P12 = Pi 'S'r.g ^2- 

Proof: It is sufficient to show that and M — M'^ are both Pi2-local martingales relative 
to {J^f ''*}t>o. As M'^ is a Pi-local martingale, A/^ is J^^''^-measurable, and Pi and P12 agree 
on J-^''^, we may immediately conclude that M'^ is a Pi2-local martingale. 

For each integers n > 0, define the stopping time 5*" = inf{i > T : \Mt — Mt\ > n}. Then 
M'5''-(M'^-)^ = M'5"-M'^ is bounded, and A(M'5'" , T) is ^;Vcr(A(X,T))-measurable. As 
a resuh, we may assume without loss of generahty that M — A/^ is a uniformly integrable 
P2-martingale. 

We now show that M is a Pi2-martingale with respect to the filtration = J'T+t- The 
process M is clearly {J^t}t>o-adapted, and it follows from the optional sampling theorem 

that M is a P2-martingale with respect to the filtration {J^t}t>o- For < s < t, A T^'"^, 
and B G a{Ar{X,T) : < r < s), we have from Corollary 4.7(b) that 



Ei2[lAnB{Mt~Ms)] = 



IE12 
E12 
E12 



IaEi2 [Is (Mt-M.) I J'l'''] 

UE2 \lBE2[Mt-Ms\Ts] 



where we have used the fact that M is P2-martingale in the last step. Writing Xj~^^ = 
Xj + A^y (t-T)f\s{X,T), we see that sets of the form B generate Fs. It then follows 
from Dynkin's tt-A theorem that M is Pi2-martingale relative to {J-t\t>o- 

To conclude the proof, we observe that {1 — r)+ is a boimded {J^t}t>o-stopping time and 
C -^(r-T)vo foi' eacli r > 0. Fixing Q < s < t and A G J^J, we have 



El 



lA{Mt - M]^)] = Ei2[I^A./(t_T)vo] - Ei2[IaA/(,_t)vo] = IEi2[Ia(A/. - A/J)], 



so M — A/-^ is Pi2-martingale relative to {Tt} 



t>o- 
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Lemma 4.17. Let ¥ be a probability measure on {il^ , J-^ ''^) , and let M be a uniformly 
integrahle ¥ -martingale relative to {J-^ ' }t>o- Let S, T and U he stopping times with T <U 
almost surely, and let Z be an J-^''^ -measurable bounded random variable. Then E[(A/[/ — 
Mt)Z I J-f-'^] = (Mc/AS - Mta,s)Z. 

Proof: Because 

I{s<T}IE[(A% - Mt)Z I tI'"] = I{s<T}IE 
we have 

E[{Mu - Mt)Z\J's''^] 

= I{T<s<c/}IE[(Mc; - Mt)Z I J-f^''] + l[u<s}mMu - Mt)Z I fI^"] 
= hT<s<u}{Ms - Mt)Z + l{u<s}{^Iu - Mt)Z 

= {MuAS - Mtas)Z. □ 
Lemma 4.18. Let Pi and ¥2 be probability measures on 

{yi£-d^j^e4^ and let T be a finite 
(for every uj ) {J-^ ' }t>o-stopping time. Let , and C be continuous {J-^ ' }t>o-adapted 
real-valued processes such that M\ M2 and = M^M"^ - C are local martingales relative 
to {-T-'f '''loo under Pi and ¥2. Let Q be a sub-a-field of J-^''^ such that Pi|g ^ ^2\g md 
assume that = A{M\T), = A(M2,T) and C = A{C,T) are G V cr(A(X,T))- 
measurable. Then (M^, J-f''^)t>Q is a local martingale under P12 = Pi ^g,T ^2- 

Proof: We cannot apply Lemma 4.16 directly because we did not assume that A/3 is 
Q V (7(A(X, T))-measurable. Instead, we define the process 

= M! - (Ml - Ml^^)M^^T - (A/2 _ Mf^^)M}^T, t > 0, 

for which A{Y,T) = A(A/\r)A(A/2,T) - A{C,T) is G \/ cr(A(X, r))-measurable. Define 
r„ ^ inf {t > : \Ml\ V \M^\ V \M^\ V \Ct\ > n}, and set A/'^" = (M^)"^" for i = 1,2,3, 
C" = C^" and F" = F^". For fixed n, the processes A/''", i = 1,2, 3, and are bounded. 
For < s < i, we apply Lemma 4.17 with M = A/i-", Z = A/f;^, S = s, T = t A T and 
U = t, and use the fact that A/^'" - A/J;^^ = if T > s to obtain 

E,[(A//-"-A/,^'J,)A/f;"^|j-fi = {Ml^- - Ml;CT)Mf;:r 

= {Ml-^^ - Ml'-^)Ml-^, k = l,2. (4.18) 

The same equality holds if we reverse the roles of A/^'" and A/^'". Finally, because A/'^'" is 
a martingale, 

E,. K" I J-f ''^] = E, [M^-- I J-f '"^l - E,. [{Ml'- - A//;"^)A/;^!J, | J-f ■'^] 

-E,[{Mf'--Mf;CT)Ml;,r\^s''] 
= Ml-- - {Ml'- - Ml'-^)Ml-^ - {M^'- - Ml':^)Ml'-^ 
= k = l,2, 



ZE[(A/,7-A/t)|-F|' ] 



■e.d 



= 0, 
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SO y is a local martingale under both Pi and P2. Lemma 4.16 implies that M^, and Y 
are Pi2-local martingales. Therefore, (4.18) holds under P12 as well, from which we conclude 
that 

E12 [M,3'" I J-f = E12 I t!'"] + E12 [(M/'" - M/;^)Mf;^ I T^'"] 

+Ei2[(Af,2'"-Mf;"^)M/;!^|j-fi 

= M^'", 0<s<t. □ 

Proof of Proposition 4.15: According to Remark 4.9, P®" = P"+\ where P* is defined 
recursively by P° = P and P*+-^ = P' (8)Ti,ei P, i = 0, . . . , n. If M is a continuous local mar- 
tingale under P and A(Af , Ti) is Gi V a{A{X, Ti))-measurable for i = 0, . . . , n, then repeated 
application of Lemma 4.16 shows that M is a P'-local martingale for i = 1, . . . , n, n+1, and in 
particular, M is a continuous local martingale under P'^^^ Similarly, if and are con- 
tinuous local martingales under P, C is a finite variation process such that = M^M^ — C 
is a local martingale under P, and A{M^,T,), A{A'P,T,) and A{C,T,) are G^W a{A{X,T,))- 
measurable for = 1, . . . , n, then repeated application of Lemma 4.18 shows that M^M'^ — C 
is a P*-local martingale for i = 1, . . . , ri, n + 1. In particular, AI^AP — C is a continuous 
local martingale under P®n^ These observations combined with Proposition 4.10(a) prove 
the desired result. □ 



5. Conditional Expectations 

The results of this section arc implicit in Krylov [20] and Gyongy [14]. We use the notation 
introduced in Sections 3 and 4. In addition, we denote the Borel cr-ficld on [0,t] by i3[0,t] 
and the Borel cr-field on [0, 00) by B[Q, 00). 

Proposition 5.1. Let Z be an £-valued process and let V he an W'' -valued process (respec- 
tively, a d X d matrix-valued process) taking values in a closed convex set K , and satisfying 
E[Jq ||rti|| du] < 00 for all t > 0. Then there exists a nonrandom -valued measurable 

function (respectively, a nonrandom d x d matrix-valued measurable function) T, defined on 
[0,00) X £, taking values in K, and there exists a Lebesgue-null set N C [0,oo), so that 

f{t,Zt)=n^t\Zt], teN'. (5.2) 

The proof of Proposition 5.1 depends on the following lemma. 

Lemma 5.2. Let Z be an £-valued process and let T be a real-valued process satisfying 
E /g |r„| du < 00 for all t > 0. Let T be a nonrandom real-valued measurable function on 
[0, 00) X £ . There exists a Lebesgue-null set N C [0, 00) so that (5.2) holds if and only if for 
every bounded S[0, 00) ® ^-measurable real-valued function f , 

E f f{u,Zu)f{u,Z^)du = E f Tuf{u,Zu)du, t>0. (5.3) 
Jo Jo 
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Proof: If (5.2) holds, then (5.3) fohows from Fubini's Theorem. 

To prove the converse, we assmne (5.3). Taking f{u, Zu) = sgn(r(u, Z„)) and using the 
integrabihty of F, we see that E Jp |F(w, Z„)| du < oo for ah t > 0. 

The (T-field £ is generated by a cohection of open balls intersected with £, each ball 
having a rational radius and centered at a point in a countable dense subset of the separable 
metric space containing £. Fet O denote the collection of finite intersections of this countable 
collection of sets. Then O is itself countable and £ = o'(C')- We enumerate the sets in O as 
Oi,02, . . . . Define 5„(t) ^ E[{f{t,Zt) - Tt)l^z,eo„}]- For B G B[0,t], (5.3) implies 

gn{u)du = E / {fiu,Zu)-Tu)l{(u,z^)eBxO„}du = 0. 

JQ 

Since both t > and B e ^[0, i] are arbitrary, we conclude that = for Fcbesgue- almost 
every t > 0. Thus, N = {t> 0|5„(<) ^ for some n} is a Fcbesgue- null set. The collection 
of sets ^ G £ for which 

E[(f(i,Zt)-rOI{z,eA}] =0, t&N' (5.4) 

is a A system containing O, and the Dynkin tt-A theorem implies that (5.4) holds for every 
A e £. This gives us (5.2). □ 

Proof of Proposition 5.1: Except for the assertion that F takes values in the set K, it 
suffices to prove the proposition for the case that F is real-valued. We can then apply the 
one-dimensional result to each component of the F in the proposition. 
In the one-dimensional case, we define the c-finitc measure 



fi{A)^E lAiu,Zu)du, A e i3[0, oo) ® €, 
Jo 

and the cr-finite signed measure 

iy{A)^E TuIa{u, Zu) du, A e B[0,oo) (g) €. 



Obviously, <^ fi, so we can define T{t,z) ~ ^{t,z) for (t, z) € [0,oo] (X) £■ Fet / be a 
bounded B[0,oo) ^ £- measurable real- valued function. For t > 0, 

E r{u, Zu)f{u, Zu) du = / r{u, z)f{u, z)^{du,dz) 

Jo JlO,t]x£ 

f{u, z) v(du, dz) 

[0,t]x£ 
t 



E / Tuf{u,Zu)du. 
Jo 



Equation (5.2) follows from Femma 5.2. 

Fet us now consider the case of a multi-dimensional F taking values in a closed convex 
set K. We have already shown the existence of F such that (5.2) holds, and it remains 
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to show that F takes values in K. Define ip-.M.'^ R (respectively, (^: R'' x M'' ^ M) 
by (/'(t) = min^gx ||7 — k\\, which is the distance from 7 to K. One can verify from the 
triangle inequality that for each constant c, the set {7|'p(7) < c} is convex, and hence ip 
is a continuous convex real-valued function. Such a function has the property that 1^(7) = 
max{^(7)|^ is linear and £ < ip}. This permits us to establish the Jensen inequality 

E[(p(rt) I Zt] > max |E[£(rt) | Zt] £ is linear and £ < ip^ 
= max |^(E[rt I Zt]) £ is linear and £ < (p^ 

= ip{E[rt\Zt]) 

= cp{mzt)), teN'^. 

But r takes values in K, so the left-hand side of this inequality is zero. Thus the right-hand 
side is zero, implying r{t, Zt) € K almost surely for each t G A^^. We can modify r(t, z) so 
that it takes values in K for every t, and (5.2) still holds. □ 

Definition 5.3. Let be a collection of processes on some probability space (CI, P) and 

let T be a [0, oo)-valued random variable. We say the collection {T^}i is strongly independent 
of T if there is a a-field Q <Z T such that each Ti is S[0,oo) x Q -measurable and Q is 
independent of a{T). 

Proposition 5.4. Within the setting of Proposition 5.1, let T be a ^,oo)-valued random 
variable whose distribution = P o is absolutely continuous with respect to Lebesgue 
measure. Assume also that the pair of processes (F, Z) is strongly independent of T and 
EIFtI < 00. Then 

f(T,ZT) =E[rT|T,ZT]. (5.5) 

Proof: We first observe that 

/•oo 

E[Et] fi{dt) ^ E[Et] (5.6) 

for any process S that is strongly independent of T and satisfies E|St| < 00. To see this, 
consider the case = ^^i^S; (Oi where Ai £ Q, the cr-field in Definition 5.3, and 

Bi e B[0, 00). Then use the monotone class theorem. 

Now let /: [0,00) x f — )■ R be a bounded, i3[0,oo) ® ^-measurable real-valued function. 
Proposition 5.1 implies E[f{t, Zt)f{t, Zt)] = E[rtf{t,Zt)] for all t € N". Integrating both 
sides of this equation with respect to fi{dt) and using (5.6), we obtain E [r(T, ZT)f{T, Zt)\ ~ 
E[rT/(r, Zt)] ■ Equation (5.5) follows. □ 



6. Approximation 



We collect in this section three approximation results needed to prove Theorem 3.6. We 
denote by N the set of natural numbers and define N = N U {00}. We recall that A[o,t] 
denotes Lebesgue measure on [0,t]. 
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6.1. Convergence of the integral of a process 

Proposition 6.1. Let {Z"^}^^-^ be a collection of continuous E-valued processes, pos- 
sibly defined on different probability spaces under different probability measures Q™. Let 
/: [0,oo) X £ — > be a measurable function. Assume 

(i) for each t € [0, c»), the distribution of Zl^ under '^"^ is independent of m £ N, 
(a) the distribution on of Z^"^ under Q"^ converges weakly to the distribution of Z°° 

under Q°°, i.e., Q" o (Z™)-! ^ o {Z°°)-\ and 
(lii) /g \\f{u, Zl)\\ du <oo for every t e [0, oo). 

Then 

(iv) for every m € N the integral process F^^ = J* f{s, Z^) ds, t € [0, cxd), is defined 
Q"^ -almost surely, 

(v) Q'"[F™ e C''] = 1 for every m e M, 

(vi) {/(•, Z™), A[o,t] X is uniformly integrable for every t € [0, cxd), 
(v) (Z™,F™) =>'(Z°°,F°°). 

Proof: It suffices to prove parts (iv)~(vi) of tlie lemma for the case c? = 1, since these 
results can be applied component-wise to the d-dimensional /. 

Define the measure /x on [0, cx)) X f by ^i{A) = E^" Ia(s, Z,") ds. Assumption (i) and 
the convergence in (ii) imply that the distribution of is independent of m € N, so it 
does not matter which m g N we use in the definition of ^. Therefore, for each m € N and 
M > 0, 

\f{s,Z'^'')\l{\f(^,z^)\>M}ds = I \f{s,e)\ls^\f(s,e)\>M}lJ-{ds,de) 

t 



= / \f{s,Zl)\\\f^,^zi)\>M}ds. 

Jo 

Setting M = 0, we obtain (iv) and (v) from (iii). Condition (iii) implies that the last term 
can be made arbitrarily small by choosing AI large, and (vi) also follows. 

To prove (v), we use (vi) and Lusin's Theorem to choose for each S N a bounded 
continuous function f'^ : [0, fc] x £ — > R"^ such that 



■f\k 



lim / \\f{t,e)- f\t,e)\\ii{dt,de) = 0. 



'[0,fe]x£ 

The mapping z i— > Jp^'' /'°(s, z[s))ds is continuous from to C^, which implies that 

(Z™,i^"''=) ^ (Z°°,i^°°''') as TO-> oo, (6.7) 
where F^'^ = J^^'' f''{s, Zl'')ds. But for each fixed T and k > T, 



sup 

mGN 



sup \\Fr-Fr''\\>e 

0<t<T 



< supiEQ"'sup lli^^-i^™^*^!! 

„6N ^ 0<t<T 

< - [ \\f{s,e)- f''{s,e)\\^^{ds,de), (6.8) 

£ J[a,k]x£ 
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which has Umit zero as /c — > oo. In particular, the convergence — OO IS 

uniform in to G N. 

Let ^' : X — )- R be a uniformly continuous bounded function. To prove weak 
convergence of measures on a metric space, it suffices to consider such functions; see [23], 
Chapter II, Theorem 6.1. We have 



[*(Z™,i^™''=)] -E°°[*(Z°°,F°°'''')] 



Given e > 0, (6.8) guarantees that we can choose k so large that the first and third terms 
on the right hand side are less than e, independently of m. For this value of k, we can then 
use (6.7) to choose M so that for all to > M, the second term is also less than e. □ 



6.2. Approximation by step functions 

We show in Proposition 6.3 below that an arbitrary integrable process can be approximated 
in Li(P X A[o,t]) by step functions obtained by sampling the process at random partition 
points. 

Lemma 6.2. Let /: [0, oo) — > M'' be a measurable function with J* \\f{s)\\ds < oo for every 
t € [0, oo). Define the sets 



. ^ . u + i — 1 u + i 

it, u) e [0, oo) X [0, 1] : < t < ^— 



z = l,2,.... 



(6.9) 



and define the sequence of functions fn{t, u) — X^i^i / ( ^ ) '^)' '^^^^ 



lim 

n— >oo 



\\f{s) - /n(s,M)|| dsdu^O, te [0,oo). 



Proof: Fix t > and e > 0. Choose a continuous, ]R''-valued function g defined on [0,t + 
1] for which /^^^ ||/(s) - g{s)\\ds < e. Set m = [i] € [t,t + 1) n N and set g„(s,u) = 
Er="ff(^)l/r(^'")- Wchave 



mn „ 1 

- E 



fn{s,u) - g„(s, ii)|| dsdw 
w + i — 1 



4=1 

mn 



i=l 









/ 








hi 




n 




- .9 



u + i — 1 



ds du 



u + i — 1 



du 
n 



E ij\f{v)-g{v)\\dv < e. 



imsart-generic ver. 2009/08/13 file: f or-arxlv.tex date: September 20, 2011 



G. Brunick and S, Shreve/ Mimicking an ltd Process 



26 



Because g is uniformly continuous on [0, t + 1], we may choose N so that ||(7(s2) ~ SI'S!)!! 1^ 
e/t whenever |s2 — si| < By enlarging N if necessary, we can also ensure that 

lo^^ \\9{s)\\ds < e. Therefore, for n>N, we have 

1 rt 

- fn{s,u)\\ dsdu 



JO 

< 



\fis)-gis)\\ds + 

fl/ri 

\\g{s)\\ds- 



lais) - g„(s,w)|l dsdu 



u/n 
1 rt 



JO 



\\gn{s,u) - fn{s,u)\\dsdu < 4e. 



□ 



Proposition 6.3. Let {fl' , J-' , Q') be a probability space that supports an -valued process 
a satisfying 



\aJ\ ds < CX3, t > 0. 



(6.10) 



Set Q = [0,1] X n' , with generic point u) = {u,uj'), and define U{u,uj') = u. Set J- = 
B[Q, 1] J^' , Q = -^[o,!] ^ Q' ! o.'^^d extend a to Vi via the abuse of notation a{u,uj') = a{uj'). 
Finally, define the random times Tq = 0, T" = {U + i ~ ^)/n for i = 1,2,... ,ri^, and 
T'^2_|_i — oo. Then the sampled process 



(^),Tf + i(a;)) 



(0 ^a{u+i-i)/n{^')hY{t.u), 



i=l 



i=l 



where /" is defined by (6.9), satisfies 



lim I 

n— >-oo 



Ifls - a"i| ds = 0, t>0. 



3.11) 



Proof: Define A^{uj') = \\as{u}') - a'^{u, uj')\\ ds du for t > and uj' G Vl' . Assumption 

(6.10) implies that /J ||as(a;')|| ds < oo for all t > for Q'-almost every uj' . For fixed w' 
satisfying this condition. Lemma 6.2 then shows that lim„^oo ^"('^O = for every t > 0. 
Equation (6.11) is equivalent to 

lim A'l =0, t > 0, 

n— ^0 

and to obtain this result it now suffices to show that for each fixed t > 0, the collection of 
random variables {A^}"^^^ is uniformly integrable under Q'. 

We first show that {a"}^^]^ is uniformly integrable with respect to \[o.t\ x Q for every 
t > 0. Toward this end, fix t > and set m = [t] e [t, f + 1) n N, so that t < T^^+i- Then 



ll«T?'P{||aT"||>M} 



i/n 
(i-l)/n 



du 
n 



ll«(«+»-l)/riP{||Q(„ + i-i)/„||>A/} 

[l|asP{||a,||>M}] rfs, i = l,...,mn, 
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and 



K\\h\\a^i\\>M} ds < 



IKP{||aj||>J\/}ds 

= ^T.^''[hTr\\liM>M} 
pin 

= EQ' / ||a,||I{||„^||>M}rfs. 



The uniform integrability of {a"}^^ under A[o,t] x Q follows from (6.10). This implies the 
uniform integrability of {||a — a"|j}J^i. Jensen's inequality implies 



£■3' [[A'i - M)- 



"'0 



\\as{-)-a'^si:ur)\\dsdu- M 



\\as{-)-a'l{u,-)\\ds-M\ du 





t 



\as - a" II ds - M 







< 



M 

T 



+■ 



ds 



and the uniform integrability of {||a — a"||}5^i under A[o.t] x Q implies that for every e > 0, 
there exists > such that 

supE<2' [(^^-Af,)+] <e. 

Consequently, 

sup E«' [Ari{^^>2A/.}] = sup [{A'l - 2Me)+ + 2Af J{^n>2Mj] 
nSN riGN 

< sup E'«' [(^^ - 2Me)+ + 2(A^' - AQ+] 

nGN 



< 3supE'3'[(AJ' - Afe)+] 

neN 



< 3e. 

This proves the uniform integrability of {A"}^^]^ under Q' 



6.3. Sequence of discrete-time martingales with zero limit 

For our final approximation result, we construct a sequence of continuous-time, finite- 
variation processes that are martingales when sampled at certain discrete times. We provide 
conditions under which this sequence must converge to zero. 
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Definition 6.4. A random partition 11 is a set of random times ~ Tq < Ti < ■ ■ ■ < Tn. We 
set |n|(a;) = sup2<j<„ \Ti{uj) — Ti-i{uj)\. Let {n™}^^]^ be a sequence of random partitions, 
possibly defined on different spaces {^™'}m=iJ where the random times in the partitions 



denoted Tn 



identity if 



< T 



lim sup |n'' 



N{m)- 



We say that {Tl"^}m=i converges uniformly to the 
(w) = oo. (6.12) 



and lim inf TJ^/ 



Proposition 6.5. Let (fi™, J^"', P™)^^^]^ be a sequence of probability spaces. Assume that 
on each space there is defined an M.'^ -valued process X"^ and a random partition 11™ = 
{T™, T™, . . . and these partitions converge uniformly to the identity. Assume further 

that the set of processes and measures (X™, A[o,t] x P™) ;^^x is uniformly integrable for every 
t>0. Fork = 0,1,..., N{m), define = /J" X™ du and = a(Yp, \0<j<k), 
and assume that iY^ , J']I^)(j<k<N(m) martingale for each m. Then 



lim 



sup 

0<s<t 



Xr du 



= 0, t>0. 



Proof: By considering components of X^^du, we may reduce the proof to the case d = 1. 
Fix t>0. Fix m large enough that sup^gj^™ |n"'|(a;) < 1 and inf^^gn™ ^/7(m)('^) ^ Define 
p ^ mm{k : TJf' >t},so that T™ is the first random time after t and T™ < T™(,„j A (t + 1). 
The discrete-time martingale stopped at T™ is still a martingale. For < s < t, set 
t(s) = max{A; : < s}, so that 7™^-) is the last random time before s. Then r(s) < p and 
For M > 0, 



< s - , < n 

— r(s) — I 



X"' du 



< 



r(s)l 



iXIJ'ldu 



f [{\X:^\^M)^ + M]du 



< max \Yi 



k 



Mydu + M\Tr 



l<k<p Jg 

Maximizing over s e [0, t] and taking expectations, we obtain 



sup 

se[o,t] 



X"^du 



max |Y,r 
~ i<fe<p' 



■E" 



M)^du 



ME™|n'^ 



(6.13) 



We bound the first term on the right-hand side of (6.13). The discrete-time Burkholder- 
Davis-Gundy inequality (e.g., [12], II. 1.1) implies the existence of a universal constant C for 
which 



max \Yr \ < CE" 




Y, 



k-li 



(6.14) 
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The right-hand side of (6.14) ean be bounded using Holder's inequahty. In particular, 



, i<fc<p 

< E' 



1/2- 



max |y™-y™,|V2. J2 

l<k<n \ ■* — ' 

- Vi<fc<p 



< E" 



max \Yr~Y^-^\^l^ 

l<k<p 



t+1 



1/2-1 



\x:^\du 



< >™ max^ IF,™ - J . We™ ^ ^ |xr 



du 



< 



^ E™ (|X™| - M)^ du + ME™|n™| • ^1 



(6.15) 



Combining (6.13)-(6.15), we obtain 

E"' sup ( XV.'du 
se[o.t] 



/ (|X™|-M) du + A/E™|n' 

"'0 

E™ / - A/)+dM + A/E™|n 

Jo 



l^rl du 



where C does not depend on X and M > is arbitrary. The uniform integrability of 
(X™, A[o,t+i] X P"')^=i implies that sup„ E"* I^^M" is a finite constant C". Given e > 



0, uniform integrability further permits us to choose M so large that sup,„ E™ {\Xu^ 
M)^du < e. For such an M, 



E" sup 

se[o,t] 



Xrdu 



< cvc'A/e + A/£;™|n™| + e + ME™|n" 



Letting m ^ oo and using the first part of (6.12), we conclude that 



lim sup E™ sup 

m-yoo ise[0,t] 



X!" du 



< CVC'e + e. 



7. Proof of Theorem 3.6 

We prove a theorem that is little more than a restatement of Theorem 3.6 without reference 
to the driving Brownian motions W and W in that theorem. We develop this connection 
immediately after the statement of Theorem 7.1 below. Recall Definition 4.14. 
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Theorem 7.1. Let £ be a Polish space. Let (il, J^, {J^t}t>o, P) he a filtered probability space 
that supports an £ -valued random variable Zq and an adapted continuous M.'^ -valued semi- 
martingale Y with Yq = and with characteristic pair [B,C), where 

Bt^ f bsds, Ct= f csds, (7.1) 
Jo Jo 

and the adapted M.'^ -valued process b and the adapted x M.'^ -valued positive semidefinite 
process c satisfy 



E 



{\\bs\\ + \\cs\\)ds 



< cx), t > 0. (7.2) 



Let b andc be nonrandom measurable functions defined on [0, oo) x £ with b taking values in 
andc taking values in the space of dxd positive semidefinite matrices, and let N C [0, oo) 
be a Lebesgue-null set such that 

b{t,Zt)^nh\Ztl dit,Zt) = E[ct\Zt], t&N'. (7.3) 

Define Vl^^'^ A £ x Cg , let $: fl^'"^ — > be a continuous updating function, and let Z be 
the continuous, £-valued process given by Z ~ <^{Zq,Y). Let Y: ^l^^'^ — > Cq be given by 
Y{e,x) = X and Z : ft^-'^ — > be given by Z = $(e,x). Then there exists a measure P on 
n^''^ such that 



(i) Y is a semimartingale with characteristic pair {B, C) underF, where Bt = /q h{s, Zs)ds 

and Ct = J^c{s, Zs)ds, and 
(a) for each t>0, the distribution of Zt underF agrees with the distribution of Zt under 



Proof of Theorem 3.6: Let us assume Theorem 7.1. Then, under the hypotheses of 
Theorem 3.6, we may define Cs = o'sC*'^ and invoke Proposition 5.1 to ensure the existence 
of nonrandom b and c and a Lebesgue-null set N such that (7.3) holds. We then conclude 
that there exist Y and Z satisfying properties (i)-(ii) in Theorem 7.1. To show that Y has 
the representation (3.8), we set a equal to the symmetric square root of c and invoke the 
Ito integral representation (e.g., [17], Chapter 3, Theorem 4.2) for the c?-dimensional local 
martingale Y — B. □ 

Proof of Theorem 7.1: The proof, which involves a discretization, as suggested by the 
example in Section 2, and then passage to the limit, proceeds in several steps. 

Step 1: Construction of canonical space and processes. 

The random object of interest, {Zq,Y,B,C), takes values in VL^'^'- x Cq x Cg . In order 
to show that the discretization has a limit, we need to randomize the discretization times, 
and thus introduce an extra dimension, defining W = [0, 1] x ^^'^ x Cg x Cq . Note that fl* 
can also be written as fl^ ''^ , where £* = [0, 1] x f and d* = d + d + d^. We denote J^^'''^ 
simply as J-* and denote J^f ''^ simply as J^. On J^* we define the measure Q to be the 
product of uniform measure on [0, 1] and the measure induced by {Zq, Y, B, C) under P on 
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n^''^ xC^xClj . The generic element of ft* will be denoted uj = {/i, e, rj, /3, 7), and we define 
the projections 

U*iLu) = ^l, Z*{lj) = e, Y*{lj) = f], B*{lu) = /?, C*{lj) = 7. 

On the filtered probability space {il* ,J-* , {J-^}t>o, Q), ^* is a semimartingale with charac- 
teristic pair {B*,C*). 

We choose an R'^-valucd predictable process b* whose i-th component at each time t > 0, 
denoted (&*)t, agrees with 

Iiminffc((i3;)t-(i3;)(,_i)0 

,2 

whenever the latter is finite. Likewise, we choose an M -valued predictable process c* whose 
(i, j)-th component at each time t > 0, denoted {c* j)t, agrees with 

liminf fc((C* )t - (C* )(4_i)+) 

whenever the latter is finite. By assumption, the components of B* and C* arc Q-almost 
surely absolutely continuous, and so their left derivatives are defined for Lebesgue-almost 
every t > 0, Q-almost surely. By construction, b* and c* are these left derivatives whenever 
they are defined. It follows that 



{\\bi\\ + iic:ii) ds < 00, Bi = f &: ds, c; = f ct ds 

Jo Jo 
For i, j = 1, . . . , d, the sets 

d 

{t e [0,00) : —{B*)t{uj) exists but is not equal to (6*)t(a;)}, 
d 

{t G [0,00) : — (C*,,)t(cj) exists but is not equal to (c*,,)t(cj)} 



1. 



(7.4) 



(7.5) 



are empty for every cj G O*. 

We set Z* = $(Zg , y*) and observe that the random time U* is strongly independent of 
{Y*,Z*,B*,C*,b*,c*) (recah Definition 5.3) . Furthermore, the distribution of (Y* ,Z*,B*,C*) 
under Q is the same as the distribution of {Y,Z,B,C) under P, so (7.1) and (7.4) imply 

that 



e/ f{Ys,Zs,b,,cs)ds = E'i f f{Y:,z:,b:,c:)ds 

Jo Jo 



(7.6) 



for any t > and / such that one side of (7.6) is well defined. In particular, (7.2) and (7.6) 
imply that 



ds 



< 00, t>0. 



(7.7) 



and (7.3), (7.6), and Lemma 5.2 ensure the existence of a Lebesgue-null set A^* C [0, 00) 
such that b{t, Z*) = EQ[6* I Z*] and Z{t, Z*) = EQ[q* | Z*\ for aU t ^ N*. From (7.7) and the 
conditional version of Jensen's inequality, we also have 



^,,z:)\\ + \\d{s,z:)\\)ds 



< 00, t>0, 
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or equivalently, 

r /■* ^ 

{\\b{s,Z,,)\\ + \ms,Z,)\\)ds <oo, t>0. 

Step 2: Construction of extended partitions. 

For each positive integer m, set N{m) ~ m^, = 0, and for i ~ l,...,N{ni), set 
^ {U* + i - l)/m. Note that each is cr(C/*) measurable, and consequently is an 
{J^f*}t>o-stopping time. Let 11™ denote this set of stopping times. The sequence of random 
partitions {ll^"}m=i converges uniformly to the identity (Definition 6.4). 

For the next step, we adopt the notation X = [Y\B*,C*). We set = ^ 
Jo* = o-{U,ZS), and for i = l,...,N{m), we set G^' = a{U*,Z^J and H,™ = V 
a{AiX^r^Tl!l,)). Finally, we set T™^)+, = oo and U^^^^^, = g^[^^ V a{A{X,T^^^^)) . 

It is clear that part (a) of Definition 4.1 is satisfied. To show that {T^ ^QY^)^^^^ is an 
extended partition, it suffices to verify condition (b) of Definition 4.1, i.e., that CJ™ C "H™ 
for i = 1, • . • , N{m). In particular, it suffices to show that Z^m is measurable with respect 
to (j{U*) V cr(Z^™^) V (t(A(X^^\ r™^)). Let r > be a possibly random time and define 

SJ" = (t - r/!!i)+. On the set < r < T^, we may use property (3.4) of the updating 
function $ to write 

z; = Qsr{z\Tr^^) 

= $sr(<i'Tr_,(^o,>^*),A(r*,r™i)) 

= $5r(^T;^,,A(r*,T™i)). (7.8) 
If we take r = T!™, this leads to 

z*^.. = ^rr-T-, {Zt-, , A(r*, 7™ i)) = , A(rMr i)) , 

and by property (3.3), the last expression depends on the path of A(y*,r™]^) only up to 
time T;™ - T™i, which agrees with the path of A((r*)^i" , 77!^i) up to time - Tl'l^. We 
have thus written Z^m in terms of T™ — ^i-i, which is nonrandom unless i = 1, in which 

case it is U* /m, in terms of Z^^ ^, and in terms of A((y*)^i" , r™;^). 

Step 3: Concatenated measures. 

We denote by 11™ the extended partition (T™, ^z™)^''™''. These extended partitions are 
on the space n* = [0, 1] X n^'"^ xC^xC^ , which is the same as rj^*-'** defined in Step 1. 
Theorem 4.3 implies the existence of concatenated measures Q™ = that satisfy 

Q™[^] ^ Q[A], Ae-H™, i-0,l,...,A^(m) + l, (7.9) 
Q™[B|J-|,„.] = Q[B\gn, Ben7U, ^ = 0,l,...,N{m). (7-10) 

Applying Proposition 4.15 with X = {Y* , B* ,C*), we see that Y* is a semimartingale with 
characteristic pair {B*,C*) under each Q™. 
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Step 4: Tightness and convergence. 

Corollary 4.13(b) shows that the collection of measures induced on x by (S*, C*) 
under {Q™}™^! is tight. Theorem VI. 4. 18 of [16] (ReboUedo's criterion; see [27]) then implies 
that the collection of measures induced on by Y* under {Q™}^^i is tight. Since Zq has 
the same distribution under every Q™, the set of measures induced on n^''^ by {Z^,Y*) 
is likewise tight. Passing to a convergent subsequence if necessary, we obtain a limiting 
measure P on il^''^. To simplify notation, we assume that the passage to a subsequence is 
not necessary to obtain convergence. We denote the coordinate mappings on ft^''^ by Zq 
and Y, and we define Z ~ ^{Zq,Y). The Continuous Mapping Theorem implies that the 
distributions of {Y*, Z*) on Cg x under the sequence of measures {W^}m=i converge to 
the distribution of (F, Z) under P, i.e., Q™ o {Y* , Z*)-^ =^ P o (y, Z)'^ . 

Step 5: Agreement of one-dimensional distributions. 

Returning to (7.8), we take t = t, a fixed nonnegative number, so that 5™ — (t — r™]^)+. 
On the -Hr-measurablc set {I7!!i < t < T["^}, we have 

z; = $5r(^Tr_,,A(r*,i;"!i)), 

and the term $5™ , A(y*, 7;™i)) restricted to {7;™i < t < 7;™} depends only on S^, 

Z^rri , and A((y*)^»",r™j), all of which are ■H-"-measurable. Because Q™ and Q agree on 
each H™, we conclude that for every Borel subset A oi £ and for every < > 0, 

N(m) + 1 

Q™[Z;eA] = Q"[Z; e A and < t < 7;™] 

i=l 
Af(m) + 1 

^ Q[Z; e A and < t < 7^™] 

i=l 

= Q[z; e A] = ¥[Zt e A]. (7.11) 

But the distributions of Z* under the sequence of measures {Q"''}'^-i converge to the 
distribution of Z under P, and part (ii) of Theorem 7.1 is proved. 

Step 6: Semimartingale characteristic of the limit. 

To complete the proof, we must show that under the measure P on f2^''^, y is a semi- 
martingale with characteristic pair {B, C), defined in part (i) of Theorem 7.1. We do this by 
showing that the distribution of the (Y* , Z* , B* ,C* ) under Q"' converges to the distribution 
of {Y,Z,B,d) under P, i.e., 

Q"' o{Y*,Z*,B*,C*)-^ =^¥o{Y,Z,B,C)-\ (7.12) 

The filtration on Q^''^, defined at the beginning of Section 4, is generated by Y. Once (7.12) 
is established, Theorem IX. 2. 4 of [16] will give the desired result. 
On ri* we define the processes 

bt ^ b{t, Z:), Bt= [ \ ds, ct = c(t, Z:), Ct= [ cs ds, t > 0. 
Jo Jo 
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According to Proposition 6.1, 

Q™o =^Fo{Y,Z,B,C)-^, (7.13) 

{6, A[o,t] X is uniformly integrable for every t £ [0, oo), (7.14) 

{c, X[Q,t] X Q™}meN is uniformly integrable for every t € [0, oo). 

We show that Q" o (Y* , Z* , B* ,C*)-'^ and Q™ o {¥* , Z* ,B,C)-^ have the same limit as 
m ^ oo. We do this by showing that for every e > and t £ [0, oo), 



lim ( 



lim 



sup \\B:-Bs\\ > e 

.0<s<t 

sup \\C:-Cs\\>e 

0<s<t 



= 0, (7.15) 
= 0. (7.16) 



Once this has been done, (7.13) will imply (7.12), and we will be done. 

Step 7: Proof of (7.15) and (7.16) . 

In fact, we prove only (7.15), because the proof of (7.16) is the same. Without loss of 
generality, we assume that B* and B are one-dimensional. 

For i = 1, . . . , N{m), define the "H"^]^ -measurable random variable 

C = liminf /fc(B* „ , i - B^™), 

which is the right derivative of B* at T™ whenever this derivative is defined. Recall from 
Step 1 that b'^m is the left derivative of B* at T™ whenever this derivative is defined and is 
finite. By construction, B* is independent of T™ under Q, and its derivative is defined and 
is finite Lebesgue-almost everywhere, Q-almost surely. But T™ is uniformly distributed on 
[^,^1. It follows that 

Q[er = feT™] = l, i = l,...,N{m). (7.17) 
We define three sequences of step functions: 

N(m) N{m) N{m) 

i — 1 2—1 2—1 

We further define 

i?r^ fb^ds, bT^ fbTds. 

Jo Jo 

Because of (7.17), 6"' and b^ are Q-indistinguishable. 

Each i?'" is piecewise linear, and so for every uj € Q*, ^i3™(cj) = bl"'{uj) except at 
finitely many values of t. In addition, A(i3™,r™) is cr(^™ : j > i)-measurable. For j > i, 
^™ is 2^ -measurable, and we have shown in the proof of Theorem 4.3 (see (4.9)) that 
"H!^! C g^\/cr{A{X, T^)) for j=i,i + l,..., N{m), so we may conclude that A(B™, 7^™) is 
t/™ Vct(A(X, T™)) -measurable for i = 1, . . . , N{m). This measurability condition is trivially 
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satisfied when i = as well. We conclude that the pair of processes {B™,b™) satisfies the 
hypotheses of Proposition 4.11, including (4.12), with Q replacing P and Q"* replacing P®^^ 
Because B* is a component of X and the set (7.5) is empty, {B*,b*) also satisfies the 
hypothesis of Proposition 4.11, and hence so does {B* — B"^, b* — 6™). We thus obtain from 
(4.14) that 



bTlds, t>0. 



For fixed t> 0, we use this equality, the Q-indistinguishability of &™ and b^"^ , and Propo- 
sition 6.3 to write 

limsupE^" sup \B;~BI"\ < limsupE'O" / \b*~¥^\ds 

m— >oo 0<s<t ?7i— >oo Jo 



lim sup E'^ 
lim sup E'^ 

m—^OG 

0. 



6™ Ids 



Ids 



(7.18) 



We consider the difference between B and B . For i = 1, . . . , N{m) + 1, 



\bs - 6g \ ds 



T"^, At 



\b{s,Z:)~b{Tl\,Z*^r.)\ds 



SI 



b{Ti'i, + s,e,{{z*f' ,r,'i,)]-b(eo{iz*f^ ,rrO 



ds. 



(7.19) 



where = ^ A {t - r™i)+ if i > 2 and SY" = T{" A t. The final expression in (7.19) is 
■^"-measurable, and so the first expression is as well. But Q"' and Q agree on H™, which 
together with Proposition 6.3 implies 



lim sup sup \Bs — B^ \ < lim sup E^ 

m— >oo 0<s<t m—^oo 



N(m) + 1 



lbs - 6, Ids 



lim sup ^ E^" / \bs-t^ 

N(m) + 1 

lim sup E' 



\ds 



i=l 



b^ I ds 



lim sup E*^ 



\b.~t:\ds 



= 0. 



(7.20) 
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It remains to estimate the difference between i?™ and S™. From (7.14) and (7.20) we 
see that {b ,A[o,t] x Q™}meN is uniformly integrable for every t G [0,cx)). We show that 
{6™, A[o,t] X Q'"}meN is also uniformly integrable by using the H.™ ^ measurability of T™, 
T^™i and ^™ to write 

E^"' / l^rii{|6ji>M}rf.s = ^ iEQ'"[(i;'jiAt-7;'"At)|er|]i{i«ri>M}] 

•^0 ^=0 

N{m) 

i=0 

= / \bT\l{ib-i>M}ds. (7.21) 

Under A[o,t] x Q, b* restricted to [0,t] is integrable (see (7.4)). One consequence of (7.18) 
is that 6™ restricted to [0,t] converges to b* restricted to [0,t] in L^(A[o,t] x Q). This, 
combined with (7.21), yields the uniform integrability of {b™, A[o.t] x Q™}meN- We conclude 
that {6™ — 6™, A[o_t] x Q"'}mgN is uniformly integrable for every t > 0. 
Define 

vf™ ^ Br^. Br^. = f'' (C - C) ds. 
Jo 

Let fc = 0, 1, . . . , N{m) — 1 be given. Because T^+j^ and T™ are J^-^,™ -measurable, ^™ ~^t™ = 
^k'-KTJT, Zt") is -H^+i-measurable, and (7.10) and (7.17) hold, we may write 

= {T^u TDE^ier - &(rr , z^^ ) I g^] 

= (Tjiu- Tin {K'^rr-i on -kt^ ,z*„)). 

Proposition 5.4 implies that 

eQ[6^„. I on = ^"^[br^ I rr, ^1^™] - z^^). 

We conclude that (^'™, J^-^m | < fc < N{ni)) is a discrete-time martingale under Q™, which 

implies that (*^,-Fr | < fc < iV(TO)) is also a martingale, where J'f = a{^]',T^ \ < 
.7 < fc) C J-'^m. Proposition 6.5 now implies that 

lim E'«" sup |S™-S™|=0, t>0. (7.22) 

m-)-oo 0<s<t 

Using the triangle inequality, we combine (7.18), (7.22) and (7.20) to conclude 

limsupE^" sup \B;-Bs\=0. (7.23) 

m— ^oo Q<s<t 

Equation (7.15) follows. □ 
Acknowledgment. We thank Peter Carr for pointing out Gyongy [14]. 
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